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V. Bilò 1 and M. Flammini 2 and G. Monaco 2 and L. Moscardelli 3

1Dipartimento di Matematica e Fisica, Università del Salento, Italy
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In the last years, with the advent of the Inter-
net, considerable research interest has been de-
voted to modeling and analyzing behavioral dy-
namics in non-cooperative networks, where selfish
users compete for limited resources. One of the
most natural and investigated frameworks in this
setting is that of the congestion games introduced
by Rosenthal [8], in which the set of the strategies
of each player corresponds to some collection of
subsets of a given set of common resources (when
the set of resources is given by the set of edges of
a graph, we speak of network congestion games).
The cost of a strategy is the sum of the costs of
the selected resources, where the cost of each sin-
gle resource depends on its congestion, i.e., the
number of players using it. These games are par-
ticularly suited to model selfish routing in un-
regulated networks as well as the phenomenon of
spontaneous network formation. In the former
case, the cost of each resource is assumed to in-
crease with its congestion, whereas in the latter
the cost decreases. Rosenthal proved that each
congestion game admits an exact potential func-
tion, that is, a real-valued function on the set of
all possible strategy profiles such that the differ-
ence in the potential between two strategy profiles
that differ in the strategic choice of a single player
is equal to the difference of the costs experienced
by this player in the two profiles. This implies
that each congestion game has a pure Nash equi-
librium (from now on, simply, Nash equilibrium),
that is a strategy profile in which no player can
decrease her cost by unilaterally deviating to a
different strategy. Moreover, it also follows that a
Nash equilibrium can always be reached by the so
called Nash dynamics, that is, the iterative pro-
cess in which, at each step, an unsatisfied player
is allowed to switch to a better strategy, i.e. low-
ering her cost. In this paper, we focus on the
problem of computing (approximate) Nash equi-
libria in a variant of congestion games, that we
name monotone congestion games, which in-
cludes the class of the network congestion games.

Related Work. The complexity of comput-
ing (approximate) Nash equilibria in (network)
congestion games with increasing cost functions
is fairly well-understood. Fabrikant et al. [7]
prove that computing a Nash equilibrium is PLS-
complete in both network games and general
games in which the players share the same set
of strategies (symmetric games). Ackermann et
al. [1] shows that PLS-completeness holds even
for network games with linear cost functions. For
the special case of symmetric network conges-
tion games, instead, Fabrikant et al. [7] show
how to efficiently compute a Nash equilibrium
by solving a min-cost flow problem. These im-
possibility results together with the fact that in
many real-life applications it may be the case
that a player incurs a cost for changing her strat-
egy, have naturally led researchers to consider
the notion of approximate Nash equilibria. An
ϵ-approximate Nash equilibrium, for some ϵ ≥ 1,
is a strategy profile in which no player can im-
prove her payoff by a multiplicative factor of at
least ϵ by unilaterally deviating to a different
strategy. Skopalik and Vöcking [9] prove that
computing an ϵ-approximate Nash equilibrium
is PLS-complete for any polynomial time com-
putable ϵ ≥ 1. Moreover they also show that
ϵ-approximate better-response dynamics can re-
quire an exponential number of steps to converge.
This PLS-hardness result implies that any dy-
namics for reaching an approximate equilibrium
that requires only polynomial-time computation
per iteration does not always converge in a poly-
nomial number of iterations, unless PLS ⊆ P.
On the positive side, Chien and Sinclair [6] show
that, in symmetric games with positive delays, an
ϵ-approximate Nash equilibrium can be reached
after a polynomial number of steps of the Nash
dynamics. Chen et al. [5] extended the result
of [6] to symmetric games with only negative
delays, while showed that the problem becomes
PLS-complete if both positive and negative delays
are present. Finally, Caragiannis et al. [4] pro-
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vide a polynomial time algorithm that computes
a (2 + γ)-approximate Nash equilibrium (for ar-
bitrary small γ > 0) for games with linear cost
functions and a dO(d)-approximate Nash equilib-
rium for games with polynomial cost functions
with constant maximum degree d.
Much less is known about the complexity of

computing (approximate) Nash equilibria in con-
gestion games with decreasing cost functions. In-
deed, there are results only for special cases of
network games under the Shapley cost sharing
protocol [3], i.e., games in which each resource
has a cost which is equally split among all the
players using it. Specifically, given a graph each
player i wants to connect a pair of nodes (si, ti).
Syrgkanis [10] shows that computing a Nash equi-
librium in these games is PLS-complete if the un-
derlying graph is directed. Albers and Lenzner
[2] consider the case in which the graph is undi-
rected and si = s for each player i and prove
that any optimal network (i.e., a minimum cost
Steiner tree whose set of terminals is given by the
union of the source-destination nodes of all the
players) is an Hp-approximate Nash equilibrium,
where p is the number of players. We stress that
the algorithm proposed by Caragiannis et al. [4]
cannot be extended to deal with decreasing cost
functions since it strongly exploits the following
facts (here, linear functions are considered, but
a similar discussion can be made for polynomial
functions): (i) if, given a game, some players are
frozen on some strategies, the resulting game is
a congestion game with less players and different
cost functions, but always belonging the the class
of linear cost functions; (ii) the potential value of
an ϵ-approximate Nash equilibrium approximates
the minimum of the potential function by a fac-
tor or order ϵ. It can be easily verified as nei-
ther property (i) nor property (ii) are verified by
congestion games with decreasing cost functions.
Thus, there exists a tremendous theoretical gap
between positive and negative results regarding
the computability of (approximate) Nash equi-
libria in network games under the Shapley cost
sharing protocol.
Our Contribution. Our aim is to address the
class of network congestion games with polyno-
mially decreasing cost functions. Since network
games have the property that, whenever a given
strategy (subset of edges) s fulfills the connec-
tivity requirement of a player, then any superset
s′ ⊃ s with redundant edges also does, we in-
troduce the general class of the monotone con-
gestion games, that properly includes that of
network congestion games. In these games, the
strategy set of each player is closed under resource
addition. We remark that this feature, while in-

different for plain Nash equilibria, as no strategy
at equilibrium will contain redundant resources,
can be profitably exploited in order to get low
factor approximate Nash equilibria.

Building upon this observation, we consider
the complexity of computing (approximate) Nash
Equilibria in monotone congestion games with
polynomially decreasing cost functions, providing
both positive and negative results. In particu-
lar, we consider the case in which each resource j
has a cost cj and the cost that each player incurs
when using j is given by cj/x

α for some constant
α > 0, where x is the number of players using j.
Observe that, for α = 1, we recover the Shapley
cost sharing protocol, so that our model widely
generalizes the models previously studied in the
literature.

On the positive side, we design an algorithm
that computes an approximate Nash equilibrium
with provable performance guarantee. In particu-
lar, assuming that a ρ-approximate best-response
for the game can be computed in time t, for a
fixed parameter γ ∈ (1, rp), our algorithm returns
a γ(p−1 + ρ)-approximate Nash equilibrium in

time t · (rp)O(
α log p
log γ ), where r is the number of re-

sources and p the number of players. Such a result
has several implications for network congestion
games. On the negative side, we prove that the
problem of computing a Nash equilibrium in net-
work games under the Shapley cost sharing pro-
tocol is PLS-complete even for undirected graphs,
thus closing a long standing open question which
had been answered before by Syrgkanis [10] only
for the case of directed graphs.
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