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In the paper [1] we deal with the class of degenerate second order elliptic differential operators

L = Γ(x)

d∑
i=1

[γi(xi)xi∂
2
xi

+ bi(x)∂xi ], x ∈ Qd = [0,M ]d, (1)

where M > 0, Γ, bi and γi, for i = 1, . . . , d, are continuous functions on Qd and on [0,M ] respectively
and b = (b1, . . . , bd) is an inward pointing drift. The operator (1) arises in the theory of Fleming–Viot
processes, namely measure–valued processes that can be viewed as diffusion approximations of empirical
processes associated with some classes of discrete time Markov chains in population genetics. From the
analytic point of view, the interest in the operator (1) relies on the fact that it is of degenerate type and
its domain presents edges and corners, hence, the classical techniques for the study of (parabolic) elliptic
operators on smooth domains cannot be applied.

In the one-dimensional case, the study of such type of degenerate (parabolic) elliptic problems on
C([0, 1]) started in the fifties with the papers by Feller [6,7], where it is pointed out that the behaviour
on the boundary of the diffusion process associated with the degenerate operator constitutes one of its
main characteristics. The subsequent work of Clément and Timmermans [5] clarified which conditions on
the coefficients of the operator (1) guarantee the generation of a C0–semigroup in C([0, 1]). In particular,
Metafune [8] established the analyticity of the semigroup under suitable conditions on the coefficients of
the operator, obtaining, among other results, the analyticity of the semigroup generated by x(1− x)D2

on C([0, 1]), which was a problem left open for a long time. The latter result was extended to the
multidimensional case in [2], where the authors proved the analyticity of the semigroup generated by the
operator

Au(x) =
1

2

d∑
i,j=1

xi(δij − xj)∂2xixj
u(x)

on C(Sd), where Sd is the d-dimensional canonical simplex.
In [4] Cerrai and Clément established Schauder estimates for (1) under suitable Hölder continuity

hypothesis on its coefficients.
The aim of the paper [1] is to present some results about generation, sectoriality and gradient estimates

for the resolvent of a suitable realization of (1) in C(Qd).
To this end, in [1] one starts with the analysis in the particular case that the functions bi are constant

and Γ = 1, first in the one-dimensional case and then, via a tensor product argument, in the multi-
dimensional setting. Much attention is paid to the constants appearing in the analyticity and gradient
estimates, showing their uniformity for bi belonging to an interval [0, B]. These results strongly rely on
estimates proved in [3]. In particular, in [1] it is shown that

Proposition 0.1. Let B > 0 and γ = (γ1, γ2, . . . , γd) ∈ (C([0,M ]))d, with each γi strictly positive. Let

Lγ,b =

d∑
i=1

γi(xi)∂
2
xi

+ bi∂xi
.

Then, for every b ∈ [0, B]d, the following properties hold.

1. There exist K,α, t > 0 depending on B and on γ such that, for every u ∈ C(Qd) and i = 1, . . . , d,
we have

||tLγ,bT (t)|| ≤ Keαt, t ≥ 0. (2)
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||
√
xi∂xi

(T (t)u)||∞ ≤
Keαt√

t
||u||∞, 0 < t < t. (3)

||
√
xi∂xi(T (t)u)||∞ ≤ Keαt||u||∞, t ≥ t. (4)

Moreover, for every i ∈ {1, . . . , d} and u ∈ C(Qd),
√
xi∂xi

(T (t)u) ∈ C(Qd) and

lim
xi→0+

sup
xj∈[0,M ],j∈{1,...,d}\{i}

√
xi∂xi

(T (t)u) = 0. (5)

2. There exist d1, d2, R > 0 depending on B and on γ such that, for every λ ∈ C with Reλ > R ,
u ∈ C(Qd) and i = 1, . . . , d, we have

||R(λ,Lγ,b)u||∞ ≤ d1
||u||∞
|λ|

, (6)

||
√
xi∂xi(R(λ,Lγ,b)u)||∞ ≤ d2

||u||∞√
|λ|

. (7)

Moreover, for every i ∈ {1, . . . , d} and u ∈ C(Qd),
√
xi∂xi(R(λ,Lγ,b)u) ∈ C(Qd) and

lim
xi→0+

sup
xj∈[0,M ],j∈{1,...,d}\{i}

√
xi∂xi

(R(λ,Lγ,b)u)(x) = 0. (8)

3. There exist C,D, ε > 0 depending on B and on γ such that, for every 0 < ε < ε, i = 1, . . . , d and
u ∈ D(Lγ,b), we have

‖
√
xi∂xi

u‖∞ ≤
C

ε
‖u‖∞ +Dε‖Lγ,bu‖∞.

As a consequence, the case of non-constant drift with a perturbation argument is completely determined
under the assumption that there exists δ > 0 and C > 0 such that, for every i = 1, . . . , d and x, x′ ∈ Qd
with xi < δ and x′i = 0, we have

|bi(x)− bi(x′)| ≤ C
√
xi,

Actually, in [1] it is shown that

Theorem 0.2. The closure (L, D(L)) of the operator (L,C2
�(Q

d)) generates an analytic compact C0-
semigroup (T (t))t≥0 of positive contractions in C(Qd). Moreover, all the estimates in Proposition 0.1
hold for the operator (L, D(L)).

Finally, in [1] the case that Γ is not a constant function is studied, by applying a “freezing coefficients”
proof. An important role in this argument will be played by the uniformity of the constants in the
resolvent estimates.

As a by-product of the previous results analogous results are given in [1] for the operator

Γ(x)

d∑
i=1

[γi(xi)xi(1− xi)∂2xi
+ bi(x)∂xi

], x ∈ [0, 1]d.

REFERENCES

1. A.A. Albanese, E. Mangino, Analytic semigroups and some degenerate evolution equations defined on
domains with corners, Discrete and Continuous Dynamical Systems-Series A 35 (2015), 595-615.

2. A. A. Albanese, E. Mangino, Analyticity of a class of degenerate evolution equations on the simplex
of Sd arising from Fleming-Viot processes, J. Math. Anal. Appl. 379 (2011), 401–424.

3. A. A. Albanese, E. Mangino, One-dimensional degenerate diffusion operators, Mediterr. J. Math. 10
(2013), 707–729.

4. S. Cerrai, P. Clément, Schauder estimates for a degenerate second-order elliptic operator on a cube,
J. Differential Equations 242 (2007), 287–321.

5. P. Clément, C. A. Timmermans, On C0-semigroup generated by differential operators satisfying
Ventcel’s boundary conditions, Indag. Math.89 (1986), 379–387.



3

6. W. Feller, Two singular diffusion problems, Ann. of Math.54 (1951), 173–181.
7. W. Feller, The parabolic differential equations and the associated semi-groups of transformations,

Ann. of Math. 55 (1952), 468–519.
8. (MR1489456) G. Metafune, Analiticity for some degenerate one-dimensional evolution equations,

Studia Math. 127 (1998), 251–276.


