
Infinite dimensional analysis∗

D. Pallara a

aDipartimento di Matematica e Fisica “Ennio De Giorgi”, Università del Salento, Italy

The commonest framework for infinite dimensional analysis is that of a separable Banach space X endowed
with a Gaussian measure γ, see [11] for a complete introduction to the subject. The outcoming structure
is known as abstract Wiener space (X,H, γ)and it finds applications in various fields in Mathematics and
Physics, such as mathematical finance, statistical mechanics and hydrodynamics and the path approach
to quantum theory or stationary phase estimation in stochastic oscillatory integrals with quadratic phase
function. The case of a Hilbert space (which gives rise to a different structure) is presented in [13], [14].
In general, solutions of SDEs are not continuous (and sometimes not even everywhere defined) functionals,
hence the notion of weak derivative and Sobolev functional comes into play. Looking at weak differentiation
and the study of the behaviour of stochastic processes in domains leads immediately to the need for a good
comprehension of integration by parts formulae, something that in the Euclidean case has been completely
understood in the frameworks of geometric measure theory, sets with finite perimeter and more generally
functions of bounded variation, see [5]. This approach in Wiener spaces has been considered by Fukushima in
[15] and Fukushima-Hino in [16], where the first definition of BV functions in infinite dimensional spaces has
been given, most likely inspired by a stochastic characterisation of finite perimeter sets in finite dimension
already given by Fukushima. The theory has been reformulated in an integralgeometric approach in [6–
8] and, in the quoted Hilbert space setting, in [1] and, with a non-Gaussian measure, in [2]. The most
important points in this theory have been summarised in form of lecture notes in [19]. The study of BV
functions and perimeters has been pursued in two different directions. On the one hand, looking at local fine
properties of BV functions: in this vein, the extension to the infinite-dimensional setting of the notions of
approximate limits, jump set and others, see [5] for the classical Euclidean case, are far from being obvious.
Some progresses in this directions are contained in [8]. On the other hand, in [18] we deal with BV functions
(and sets with finite perimeter) on convex open subsets of abstract Wiener spaces (X,H, γ), a theory that is
still at its very beginning. We propose a definition of BV functions on domains in X through an integration
by parts formula against a suitable class of test functions, rather than merely as restrictions of BV functions
on the whole space. This is not a trivial issue because of the lack of smooth bump functions (for general
X) and of bounded extension operators. Moreover, we relate the variation of a function to the short time
behaviour of the Ornstein-Uhlenbeck semigroup; besides the interest of extending similar results available in
different contexts, see [20,10,12,17], such a relation has proved to be useful to describe fine properties of BV
functions in Wiener spaces, see [3,4]. In particular, we get a characterisation of BV functions on a convex
open set Ω similar to that on the whole space. We consider the Ornstein–Uhlenbeck operator L associated
with the Dirichlet form

E (u, v) =

∫
Ω

[∇Hu(x),∇Hv(x)]Hdγ(x), u, v ∈W 1,2(Ω, µ),

and the semigroup (Tt)t≥0 generated by the realisation of L in L2(Ω, γ). The main result of this paper is
the next Theorem.

Theorem 1. Let Ω ⊂ X be an open convex set, and let u0 ∈ BV (X, γ)∩L2(X, γ) be such that |Dγu0|(∂Ω) =
0. Then, for any t > 0,∫

Ω

|∇HTtu0(x)|Hdγ(x) ≤ |Dγu0|(Ω)
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and

lim
t→0

∫
Ω

|∇HTtu0(x)|Hdγ(x) = |Dγu0|(Ω). (1)

The study of the Ornstein–Uhlenbeck semigroup on domains is less straightforward than in the whole X,
since no explicit formula is available for T (t); nevertheless, the function t 7→

∫
Ω
|∇HTtu(x)|Hdγ(x) is still

monotone. In the proof of monotonicity the convexity of Ω plays an essential role.
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