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Lie symmetries of fractional partial differential equations
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The aim of our work is to establish a general
approach for the determination of Lie symme-
tries for fractional partial differential equations
(FPDEs) of Riemann-Liouville type.

The study of fractional differential equations
(FDEs) has an intriguing history, doing back to
XIX century, with the works of Abel, Liouville,
Riemann, etc. However, in the last decade, there
has been a resurgence of interest in FDEs, since
they have been recognized as fundamental not
only in pure mathematics, but also for their man-
ifold applications in statistical mechanics, eco-
nomics, social science, especially in the descrip-
tion of nonlinear phenomena like anomalous dif-
fusion. Consequently, the search for exact solu-
tions for both stationary and evolution FDEs is
of great relevance.

The main theorem, proposed in the paper
[1], concerning the existence of symmetries for
FPDEs in (1 + 1) dimensions, generalizes the
very few results known in the literature. In [2,3],
the case of equations involving fractional deriva-
tives with respect to one independent variable has
been considered. In [4,5], interesting scale in-
variant solutions of diffusion equations have been
constructed. The intrinsic non commutativity
of fractional derivatives with respect to different
variables, and, in the case of a single variable,
with respect to different fractional orders, has
represented until now the main problem in the
treatment of symmetries of FPDEs.

Our strategy is inspired by the classical Lie the-
ory: the annihilation of the prolonged action of
the vector fields generating the symmetry trans-
formations is imposed. This condition leads to
a system of determining equations that allow us
to deduce the explicit expression for the symme-
try generators. The knowledge of the invariants
associated with such generators is a sufficient con-
dition to reduce a given fractional partial differ-
ential equation into a new one, characterized by a
smaller number of independent variables. In the

case of fractional ordinary differential equation
(FODE), the reduction process leads to another
FODE of reduced order.
As an application of the our theory, in the pa-
per [1] we have proposed a symmetry analysis of
fractional KdV-Burgers equation.

Finally in the paper [6] we propose a general
theoretical approach for the determination of Lie
symmetries of fractional order differential equa-
tions with an arbitrary number of independent
variables.
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