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1. Introduction

The present contribution is mainly based on the
developments of the results reported in the recent
paper [1], where several reductions of the the 4-
dimensional relativistic Skyrme-Faddeev model[2]
[3] were solved implicitly or in terms of special
functions, the action functional being

L =
1

32π2
(∂µφ · ∂µφ− κ (1− φ · φ)

−λ
4

(∂µφ× ∂νφ) · (∂µφ× ∂νφ)

)
,

where λ > 0 is a scaling parameter, determin-
ing the breaking of the conformal symmetry. The
Lagrangian multiplier κ implements the unimod-
ularity φ · φ = 1 condition, which allows us to
introduce the polar representation

φ = (sinw cosu, sinw sinu, cosw) ,

where w and u are suitable functions. The Euler–
Lagrange equations read

∂µw
µ = 1

2 sin(2w)uνu
ν+

λ
2 sinw uν ∂µ[sinw(wµuν − wνuµ)],

wµu
µ sin(2w) + sin2 w [∂µu

µ+
λ
2wν∂µ(uµwν − uνwµ)] = 0 .

The asymmetric structure of the equations, with
respect the derivatives of u and w, suggests to
introduce supplementary constraints. Actually,
reductions will lead to extended infinite energy
solutions in the 3-dimensional space, which are
rarely considered in the current literature on the
subject, that being focused on the hopfion solu-
tions [2] - [5], mainly by numerical integration of
the equations of motion. The present approach is
motivated by: i) find analytical solutions to the
system by exploiting its hidden symmetries, ii)
give a suitable mathematical description of the
of the extended phases observed in experimentsin
ferromagnets and multiferroincs [6,7], iii) find a
method in order to extract as as we can from
the general model special subsectors completely
integrables. From our view point, a strong con-
nection with the d’Alembert-Eikonal system has

been obtained. This observation leads to find
large classes of solutions of the Cauchy prob-
lem. Here special classes are described and in-
terpreted as magnetic domains for the considered
model. Certain exact analytic periodic spin waves
solutions are given in terms of elliptic integrals
of third kind, obtaining quasi-periodic solutions.
The Lagrangian can be averaged by the Whitham
method, describing the modulation of periodic
waves in terms of a quasilinear system of partial
derivatives of the first order.

2. Domain-Walls

First we assume w = const, which reduces the
d’Alembert - homogeneous Eikonal system, i.e.

∂µu
µ = 0, uνu

ν = 0.

This overdetermined system was investigated in
many papers [8,9] and its general solution is im-
plicitly given by

G (u,Aµ (u)xµ, Bµ (u)xµ) = 0,

AµA
µ = BµB

µ = AµB
µ = 0,

with G, Aµ and Bµ arbitrary real regular func-
tions. The process to provide explicit form for u
may suggest that multi-valued functions appear.
In fact, for sake of simplicity, restricting ourselves
to 2D, imposing Bµ ≡ 0 and for arbitrary f and
F one can write the solution in the form

z = arccos

(
x1

r

)
, y = cos (f (u)− z) ,

arccos y = f
(
F
(
x0 − ry

))
− z, r =

√
(xi)

2
.

However, such a reduction has few of interest,
because of: i) asymptotics in time lead to the
same boundary value and the solution becomes
uniform, ii) the energy density is vanishing ev-
erywhere. So, looking for less drastic reductions
like

wµu
µ = 0, uνu

ν = α ,
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the original system reduces to the separable set
of equations

∂µu
µ = 0, uνu

ν = α, wµu
µ = 0,

∂µw
µ = α

2
sin(2w)

1−λα
2 sin2 w

(1 + λ
2w

µwµ).

The general solution of the d’Alembert-Eikonal
(sub)-system is given [9] in the implicit form for
the u and the auxiliary τ by

u = Aµ (τ)xµ +R1 (τ) ,

Bµ (τ)xµ +R2 (τ) = 0,

AµA
µ = α, AµB

µ = A′µB
µ = BµB

µ = 0,

with arbitrary differentiable functions Aµ, Bµ,
satisfying the constraints above, and functions
Ri. If α < 0, setting α = −η2, the solution be-
comes

u = xkAk(τ) +A0(τ),

x0 = xkBk(τ) +B0(τ),

(Ai) = ηÂ (f (τ) , g (τ)))
(
Â

2
= 1
)
,

(Bi) = B̂ = ± Â×Â′

|Â×Â′|
[f (τ) , g (τ))] ,

where f (τ), g (τ), A0 (τ) and B0 (τ) are arbitrary
differentiable functions. If B0 (τ) is not an injec-
tive continuous function, caustics and singulari-
ties of the wave front may appear. We know that
in general the singularities of the wave fronts are
classified by the Coxeter groups [10].

A different reduction, obtained by setting to
zero the coefficients of all functions of w, leads
to the overdetermined quasilinear system (named
the reduced Skyrme–Faddeev system)

∂µw
µ = 0, wµw

µ = −ε2,
uµw

µ = 0, aµw
µ = 0 with a = uνuν ,

where ε2 = 2
λ for notational clarity. After the

change u→ w and α→ −ε2, the general solution
of the d’Alembert-Eikonal system was discussed
above. Cross differentiations of those equations
and systematic substitutions of the x0-derivatives
lead to a set of compatibility conditions, which, as
usual, the Monge-Ampére equation Det [wij ] = 0,
and involved quadratic constraints for the deriva-
tives uk. They can be simplified and possibly
solved, if one can find a first order linear system
of the form

u0 = Au1, u2 = Bu1, u3 = Cu1,

where the functions A, B, C depend wm and
∂n wm only, in analogy with the method of the hy-
drodynamic reductions [11,12], involving a finite
number of Riemann invariants. This can be cer-
tainty done in two space dimensions, where one
can prove that a solution for u is given by

u = F [w1, w2] , F arbitrary real differentiable

and the quantity a vanishes.
In three space dimensions, a similar analysis is

much more complicated, but the long expressions
for A, B, C are intractable. On the other hand,
it is easy to prove that a class of solutions for u
is given by

u = F [w1, w2, w3] ,

being F an arbitrary differentiable real function,
constrained by the equation for a, which is not
longer an identity.

A direct substitution of the above found so-
lution for w into the orthogonality condition for
uµ w

µ = 0 leads to a linear PDE for u. By the
methods of characteristics it is equivalent to a
constant coefficient linear 3-ODE-system nilpo-
tent of order 2, because of the peculiar symmetry
of the constraints for Aµ and Bµ. Thus, from its
solution one can extract two integrals of motion,
in terms of which express the solution of the PDE
for u. Then the general solution for the reduced
Skyrme - Faddeev system is determined by five
arbitrary functions: four for w and one for u.

3. Conclusions

We have found several reductions of the
Skyrme-Faddeev model, showing the strong con-
nection with the d’Alembert-Eikonal system,
which allows to find large classes of solutions de-
pending on the initial data for w and u. In par-
ticular, for the reduced Skyrme-Faddeev system
we have shown that the u sub-system can be for-
mulated as a first order system of linear pde’s,
which can be solved by the “method of hydrody-
namic reductions ”. Only, we remark that the
constraint is a further restriction on the subsec-
tor of the solution space described in [13]. Fi-
nally, we have found [1] exact analytic periodic
spin waves for the Skyrme-Faddeev model, de-
termined in terms of elliptic integrals of third
kind. Assuming that there exist such periodic dis-
persive wave-train solutions, we have shown that
the Lagrangian can be averaged by the Whitham
method. This provides a Lagrangian for a set of
parameters, describing the modulation of periodic
waves in terms of a quasilinear system of partial
derivatives of the first order
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