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Given an uniformly elliptic operator

L =
N
∑

i,j=1

aij(x)Dij ,

with (aij) bounded and uniformly continuous in
R

N , a-priori estimates and solvability results in
Sobolev spaces are well known in literature. The
classical a-priori estimates

‖D2u‖p ≤ C(‖Lu‖p + ‖u‖p),

u ∈ W 2,p(RN ), solvability results for the equation
Lu − λu = f , λ > 0, can be found in [4].
In our knowledge, the validity of the homogeneous
estimate

‖D2u‖p ≤ C‖Lu‖p (1)

has been less exploited. We investigated about
the validity of the homogeneous estimates above
mentioned. We proved that, if the second order
coefficients admit limit at infinity, then (1) is ver-
ified.
We gave also an example where the above homo-
geneous estimates fail.
We also proved that, under the same assump-
tion on the coefficients, the equation Lu = f is
uniquely solvable in Lp spaces. We mention that
similar results concerning the homogenous esti-
mates have been already proved in certain special
cases. Krylov proved (1) when the coefficients de-
pend only on one coordinate, or even when the
coefficients depend on two coordinates but p is
close to 2. Avellaned and Lin showed the homo-
geneous estimates for second order operators in
divergence form with periodic coefficients ([1]).
Related results can also be found in [7].

In order to prove our result, we introduced the
one-parameter family of operators Lt given by

Lt = (1 − t)L0 + tL

where L0 is the constant coefficients operator hav-
ing the limit values at infinity of (aij)

N
i,j=1

as coef-
ficients. The first step consisted in proving, by us-
ing the classical homogeneous a-priori estimates
for L0 and the fact that L approaches L0 near
infinity, the preliminary estimates

‖D2u‖p ≤ C(‖Ltu‖p + ‖u‖p,K)

with C independent of t and K a fixed compact
set determined by the coefficients of L. Then, by
Sobolev embedding Theorems, we proved that,
when 1 < p < N

2
the homogeneous estimates

hold. The continuity method and the surjectivity
of L0 gave the invertibility of L. The case p ≥ N

2

required some more efforts. Here we used the
Fredholm operators theory to deduce that the
index of Lt coincides with the index of L0 which
is zero.

We point out that Nirenberg and Walker ([6,
Theorem 3.1]), under assumptions similar to ours,
proved some weighted a-priori estimates for el-
liptic operators. In particular they showed that
estimates of the form

‖(1 + |x|2)D2u‖p ≤ C(‖(1 + |x|2)Lu‖p + ‖u‖p)

hold. It can easily proved that these estimates
are equivalent to

‖D2u‖p ≤ C

(

‖Lu‖p +
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1

(1 + |x|2)
u

∥
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∥

p

)

. (2)

REFERENCES

1. M. Avellaneda, F.H. Lin: Lp bounds on sin-
gular integrals in homogeneization, Comm.
Pure Appl. Math., 44 (1991), 897-910.

2. D. E. Edmunds, W. D. Evans: Spectral The-
ory and Differential Operators, Oxford, New
York, (1990).



2

3. G.P. Galdi: An Introduction to the Mathe-
matical Theory of the Navier-Stokes Equa-
tions, Second edition, Springer, Berlin,
(2011).

4. D. Gilbarg, N. Trudinger: Elliptic Partial Dif-
ferential Equations of Second Order, Second
edition, Springer, Berlin, (1983).

5. T. Kato: Perturbation Theory for Linear Op-
erators, Corrected Printing of the Second edi-
tion, Springer-Verlag, Berlin Heidelberg New
York, (1980).

6. L. Nirenberg, H. Walker: The Null Spaces of
Elliptic Partial Differential Operators in R

N ,
Journal of mathematical analysis and appli-
cations, 42 (1973), 271-301.

7. L. Karp: On Liouville type theorems for sec-
ond order elliptic differential equations, An-
nali della Scuola Normale Superiore di Pisa
Classe di Scienze, 22, n.2 (1995), 275-298.


