
1

Mean Ergodic semigroups of operators

Angela A. Albanese, 1 José Bonet, 2 Werner J. Ricker 3

1Dipartimento di Matematica e Fisica “E. De Giorgi”, Università del Salento, Italy

2Instituto de Matemática Pura y Aplicada, Universidad Politécnica de Valencia, Spain

3Math.-Geogr. Fakultät Katholische Universität, Germany

For a continuous linear operator T in a Banach
space X, its Cesàro means are defined by

T[n] :=
1

n

n−1∑

m=0

Tm, n ∈ N. (0.1)

If {T[n]}
∞
n=1 is convergent in the strong operator

topology, then T is called mean ergodic. The in-
terest in such operators has its origins in statis-
tical mechanics and probability theory. In such
settings, one also considers continuous processes
φt, with t specifying time, which in many situa-
tions satisfy φt(φs(u)) = φt+s(u) for all points u
in a phase space and all times s, t. The abstract
setting then consists of a semigroup of continu-
ous linear operators (T (t))t≥0 acting in X (i.e.,
T (s + t) = T (s)T (t) for all s, t ≥ 0) and one in-
vestigates the long term behaviour of (T (t))t≥0

via its Cesàro averages C(r) := r−1
∫ r

0
T (t)dt for

r > 0. If this limit exists in the strong oper-
ator topology, then (T (t))t≥0 is called mean er-

godic. Fix t0 > 0. Given n ∈ N it turns out that
C(nt0) = T (t0)[n]C(t0) and one sees the connec-
tion between the Cesàro averages {C(nt0)}

∞
n=1 of

the semigroup (T (t))t≥0 and the discrete Cesàro
means {T (t0)[n]}

∞
n=1 of the individual operator

T (t0). So, there is a need to simultaneously in-
vestigate individual mean ergodic operators and
mean ergodic systems of operators (i.e., semi-
groups). This has happened ever since the origins
of the subject (i.e., the 1930’s).

Much of modern analysis occurs in locally con-
vex Hausdorff spaces (briefly, lcHs) which are
non–normable. So, there is an interest in extend-
ing the Banach space results for mean ergodicity
to this setting. For individual operators (espe-
cially Banach space results related to the theory
of bases, [7]) this has been carried out in recent
years, [1], [2], [3], [4], [5], [9], [10]. For certain
aspects of the theory of mean ergodic semigroups

of operators in the non–normable setting we refer
to [6], [8, Ch.2], [11, Ch.III, §7], and the refer-
ences therein. The aim of this paper is to develop
this topic further, also in some rather different
directions.

The natural framework is a sequentially com-
plete lcHs X and a C0–semigroup of continuous

linear operators (T (t))t≥0 acting in X.
In Section 3 of this paper results concern-

ing mean ergodicity of certain classes of C0–
semigroups of operators (T (t))t≥0 are established.
We present sufficient conditions for various classes
of C0–semigroups to be mean ergodic (see Propo-
sition 3, Corollary 2 and Theorem 4). In Theo-
rem 5 we characterize the reflexivity of a com-
plete, barrelled lcHs X with a Schauder basis
via the condition that every equicontinuous C0–
semigroup of operators in X should be mean er-
godic.

Section 4 of this paper concerns C0–semigroups
(T (t))t≥0 in Grothendieck lcHs’ with the
Dunford–Pettis property (briefly, GDP) and their
mean ergodicity. Certain classes of such C0–
semigroups are automatically uniformly continu-
ous (see Theorem 7). Criteria are given which
ensure that the dual semigroup (T (s)′)s≥0 is
strongly continuous in X ′

β (the strong dual of
X). Mean ergodicity of (T (t))t≥0 in Grothendieck
spaces is equivalent to the subspace span {x′ −
T (s)′x′ : x′ ∈ X ′, s ≥ 0} of X ′ having the same
closure for the weak–star topology as in X ′

β ; see
Theorem 9. Consequently, if (T (t))t≥0 is a mean
ergodic, strongly continuous C0–semigroup in a
Grothendieck space and limt→∞ T (t)/t = 0 (for
the topology of uniform convergence on bounded
sets of X), then also (T (s)′)s≥0 is mean ergodic
in X ′

β .

REFERENCES

1. A.A. Albanese, J. Bonet, W.J. Ricker, Mean

ergodic operators in Fréchet spaces, Ann.
Acad. Sci. Fenn. Math. 34, 401–436 (2009).

2. A.A. Albanese, J. Bonet, W.J. Ricker, On

mean ergodic operators, In: Vector Measures,
Integration and Related Topics, G.P. Curbera
et. al. (Eds), Operator Theory: Advances and
Applications 201, Birkhäuser Verlag Basel,
pp. 1–20 (2010).

3. A.A. Albanese, J. Bonet, W.J. Ricker, C0–

semigroups and mean ergodic operators in a

class of Fréchet spaces, J. Math. Anal. Appl.
365, 142–157 (2010).

4. J. Bonet, W.J. Ricker, Mean ergodicity of



2

multiplication operators in weighted spaces of

holomorphic functions, Arch. Math. 92, 428–
437 (2009).

5. J. Bonet, B. de Pagter, W.J. Ricker, Mean er-

godic operators and reflexive Fréchet lattices,

Proc. Roy. Soc. Edinburgh Sect. 141A, 897–
920 (2011).

6. W.F. Eberlein, Abstract ergodic theorems and

weak almost periodic functions, Trans. Amer.
Math. Soc. 67, 217–240 (1949).

7. V.P. Fonf, M. Lin, P. Wojtaszczyk, Er-

godic characterizations of reflexivity in Ba-

nach spaces, J. Funct. Anal. 187, 146–162
(2001).

8. U. Krengel, Ergodic Theorems, Walter de
Gruyter, Berlin (1985).

9. K. Piszczek, Quasi–reflexive Fréchet spaces

and mean ergodicity, J. Math. Anal. Appl.
361, 224–233 (2010).

10. K. Piszczek, Barrelled spaces and mean ergod-

icity, RACSAM 104, 5-11 (2010).
11. H.H. Schaefer, Banach Lattices and Posi-

tive Operators, Springer, Berlin–Heidelberg
(1974).


